
Tuesday, December 10 ∗∗ More on Stokes’ Theorem

1. Let F = 〈y2, x2, z2〉. Show that ∫
C1

F ·dr =
∫

C2

F ·dr

for any two closed curves as shown lying on a cylinder about the z-axis.

980 C H A P T E R 17 FUNDAMENTAL THEOREMS OF VECTOR ANALYSIS

16. Let S be the portion of the plane z = x contained in the half-
cylinder of radius R depicted in Figure 17. Use Stokes’ Theorem to
calculate the circulation of F = ⟨z, x, y + 2z⟩ around the boundary of
S (a half-ellipse) in the counterclockwise direction when viewed from
above. Hint: Show that curl(F) is orthogonal to the normal vector to
the plane.
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FIGURE 17

17. Let I be the flux of F =
〈
ey, 2xex2

, z2〉
through the upper hemi-

sphere S of the unit sphere.

(a) Let G =
〈
ey, 2xex2

, 0
〉
. Find a vector field A such that

curl(A) = G.
(b) Use Stokes’ Theorem to show that the flux of G through S is zero.
Hint: Calculate the circulation of A around ∂S .
(c) Calculate I . Hint: Use (b) to show that I is equal to the flux of〈
0, 0, z2〉

through S .

18. Let F = ⟨0, −z, 1⟩. Let S be the spherical cap x2 + y2 + z2 ≤ 1,

where z ≥ 1
2 . Evaluate

∫∫

S
F · dS directly as a surface integral. Then

verify that F = curl(A), where A = (0, x, xz) and evaluate the surface
integral again using Stokes’ Theorem.

19. Let A be the vector potential and B the magnetic field of the infinite
solenoid of radius R in Example 4. Use Stokes’ Theorem to compute:
(a) The flux of B through a circle in the xy-plane of radius r < R

(b) The circulation of A around the boundary C of a surface lying
outside the solenoid

20. The magnetic field B due to a small current loop (which we
place at the origin) is called a magnetic dipole (Figure 18). Let
ρ = (x2 + y2 + z2)1/2. For ρ large, B = curl(A), where

A =
〈
− y

ρ3 ,
x

ρ3 , 0
〉

(a) Let C be a horizontal circle of radius R with center (0, 0, c), where
c is large. Show that A is tangent to C.
(b) Use Stokes’ Theorem to calculate the flux of B through C.
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FIGURE 18

21. Auniform magnetic field B has constant strengthb in the z-direction
[i.e., B = ⟨0, 0, b⟩].

(a) Verify that A = 1
2 B × r is a vector potential for B, where r =

⟨x, y, 0⟩.
(b) Calculate the flux of B through the rectangle with vertices A, B,
C, and D in Figure 19.

22. Let F =
〈
−x2y, x, 0

〉
. Referring to Figure 19, let C be the closed

path ABCD. Use Stokes’ Theorem to evaluate
∫

C
F · dr in two ways.

First, regard C as the boundary of the rectangle with vertices A, B, C,
and D. Then treat C as the boundary of the wedge-shaped box with an
open top.

FIGURE 19

23. Let F =
〈
y2, 2z + x, 2y2〉

. Use Stokes’ Theorem to find a plane
with equation ax + by + cz = 0 (where a, b, c are not all zero) such

that
∮

C
F · dr = 0 for every closed C lying in the plane. Hint: Choose

a, b, c so that curl(F) lies in the plane.

24. Let F =
〈
−z2, 2zx, 4y − x2〉

, and let C be a simple closed curve in
the plane x + y + z = 4 that encloses a region of area 16 (Figure 20).

Calculate
∮

C
F · dr, where C is oriented in the counterclockwise direc-

tion (when viewed from above the plane).

FIGURE 20

25. Let F =
〈
y2, x2, z2〉

. Show that
∫

C1

F · dr =
∫

C2

F · dr

for any two closed curves lying on a cylinder whose central axis is the
z-axis (Figure 21).

FIGURE 21
2. Consider the surface T which is the intersection of the plane x+2y+3z = 1 with the first octant.

(a) Draw a picture of T .

(b) Use Stokes’ Theorem to evaluate
∫
∂T

F ·dr for F = 〈
y, −2z, 4x

〉
. Here, you should orient ∂T

counterclockwise when viewed from (2,2,2).

3. Carefully explain how Green’s Theorem is actually a special case of Stokes’ Theorem.

4. Work the following problem.
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